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Optical Eigenmodes in General Linear Optical 
Media 

H. YUANa, W.E. PALFFY-MUHORAYb and P. PALFFY-MUHORAYa 

aLiquid Crystal Institute, Kent State University, Kent, OH 44242, U.S.A. and 
bMathernatics Department, Princeton University, Princeton, NJ 08544, U.S.A. 

We consider analytic solutions to Maxwell's equations in general homogeneous linear media. 
In general, the dielectric tensor is not Hermitian, and it is a function of the wavevector. We 
present our formalism for obtaining closed form analytic solutions for the eigenmodes in the 
general case. The dispersion relation is described by a quartic equation using covariant repre- 
sentation. Explicit expressions are obtained for the eigenmodes in terms of the propagation 
direction, the permittivity and the permeability. The results may be useful to describe the 
optical fields as well as energy and momentum propagation in a wide variety of optical ele- 
ments, such as magneto-optical films, dye doped liquid crystals, gyrotropic, dichroic and 
magneto-chiral materials. A simple example of a birefringent dichroic crystal is considered. 

Keywords: analytic solution; Maxwell's equations; optical eigenmodes; linear optical media; 
lossy; biaxial; optical activity 

INTRODUCTION 

Light propagation in isotropic materials and simple crystals is well understood 

classically in terms of solutions of Maxwell's equations"'. Considerable 

interest exists currently in light propagation in optically complex materials. 

However, analytic solutions of Maxwell's equations are not readily available 

for the most general linear optical medium such as in the case where the real 

and imaginary parts of the dielectric tensor are not co-diagonal, or where both 

natural and magnetically induced optical activities are present. Analytic 
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312 H. YUAN er al. 

solutions of Maxwell's equations in lossy biaxial crystals were first given in 

the work of G. Szivessy'*'. Similar results have been obtained subsequently"'. 

In this paper, we give, for the first time, explicit analytical expressions for 

the solutions of Maxwell's equations in the most general homogeneous linear 

optical media: the lossy optically active biaxial crystal. We present a simple 

and compact formalism for light propagation in complex anisotorpic 

structures. 

DIELECTRIC TENSOR 

The nature of the solutions of Maxwell's equations is determined by the 

optical response implicit in the dielectric tensor which relates the electric 

field E and displacement D in the constitutive relation. In an infinite 

macroscopically homogeneous medium, linear response gives [41[51 

0, = E , * ( a k ) K ,  (1) 

where o and k are the angular frequency and wave vector; 

E,,(@.k) =S,, + ~ f f , ~ ( ~ . p ) e ~ ( ~ - ~ * P ) d ' p d ~ ,  
0 

where f ( 7 , p )  is the susceptibility in real space, and z and p are time and 

position. The spatially and temporally non-local response leads to the 

dependence of the permittivity on the wave vector k and frequency w. We 

note that in general Elk is complex, but is neither symmetric, nor Hermitian. 

The generalized principle of symmetry of kinetic coefficients16] leads to the 

symmetry condition , 

E,, ( W ,  k,B) = E,, (@,-k,-B). (2) D
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OlTICAL EIGENMODES IN GENERAL LINEAR OPTICAL MEDIA 31 3 

where B denotes an external static magnetic field. Discussions of the 

symmetry of the dielectric tensor e l~ewhere["~[~ '~ '~~  are in agreement with 

Eq.(2). The dielectric tensor may be written approximately as[41 

&,,(ak) = E,,("(w)+ i Y , J W k , .  (3) 

which may be regarded as a Taylor's series expansion of to first order in  

k. As a consequence of Eq. (2) E ~ ~ ' ~ ' ( O )  is a complex symmetric second rank 

tensor, while y,kl is a complex third rank tensor, both independent of k; the 

product y,klkl IS a second rank anti-symmetric tensor which can be written as 

ytkf k f  = e,kl g f  7 

where e,kl is the Levi-Civita symbol, and gl denotes the gyration pseudo- 

vector describing the natural optical activity. Here gl depends on k and can 

be written as an product of a pseudo-tensor gim and k 

gf 

The pseudo-tensor glm depends on the properties of the medium, it is in 

general complex and need not be symmetric. 

Symmetry considerations lead to a similar contribution from a static external 

magnetic field Em, and one obtains the general expression for the dielectric 

tensor 

~ , ~ ( w , k , c B )  = ~ , , ' " ( ~ ) + i e , , , g , " ' k ,  +ie,,g,'*'B, (4) 

where g,,,,(') is the pseudo tensor responsible for the natural optical activity 

and g,,,,'*' is the tensor responsible for induced magnetic optical activity or 

Faraday effect. 

SOLUTION OF MAXWELLS EQUATIONS 
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314 H. YUAN eta!. 

- = 
For convenience, we use the notation where A&B = A  

scalar. 

B yielding a 

We start with the relation of Eq.(l) 

D(k,w) = E,z(k,o)E(k,w), 

where E0is the permittivity of free space. Maxwell's equations give 

A ^  =-I 
( T - k k ) ~  D = a 2 D ,  (6) 

where k ( w l c k )  and c is the speed of light. k is a unit vector along k; since 

k may be complex, we define k =Wk where k = m. 
The secular equation is 

= ~~ =-I - 
det((1- kk)& - k2?) = 0 ,  

and using a representation with the complex orthogonal basis m , fi and k , 

this gives at once for the modes with k0, 
=-I = - I  

2 - (m?m + fi;-'ii,n2 + (m& Ifi)(fi& ii) - ( & - ' i i ) ( h h l )  = 0. (7)  

On making use of the Cayley Hamilton Theorem"", it follows that 

det(F)a4 + (kF'k - tr(z)iiFk)A2 + kii = 0. (8) 

This expression for the secular equation is our first result. Next we consider 

the dependence of the dielectric tensor on , 

In the most general case, the dielectric tensor can be written, cf. Eq. (4), as 

where 

w l c  -* 1 =.. 1 == 
G = - j - ( y k ) x = - i - ( T t k ) x = - i - - g , x ,  a a a 
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(01) 

g, -(k *gB)(k * g k ) )  - 

and the dependence of the dielectric tensor on the wave vector has been 

taken into account. Our approach avoids the introduction of spurious roots 

into the secular equation, and the results show that when the dependence of 

the dielectric tensor on the wave vector is linear, the secular equation is at 

most quartic, which may be solved analytically. 

The eigenvectors D are simply obtained from Eq.(6) 

D*k=O 

where g=gk/kh+&. 

The expressions Eq. (10) and Eq. ( 1  1) constitute the general solution of 

Maxwell’s equations in homogeneous media, and are our main result. We 

note that the coefficients of the linear and cubic terms in the quartic secular 

equation, Eq. (10) are non-vanishing if both natural and magnetically 

induced optical activities are present. In general, therefore, the secular 
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316 H. YUAN et nl. 

equation has four distinct roots; and consequently, in general, four, rather 

than two, distinct optical eigenmodes exists. 

LIGHT PROPAGATION IN COMPLEX CRYSTAL STRUCTURES 

With the solution of Maxwell's equations for the general linear optical 

media, one is able to analyze light propagation in various complex crystal 

structures. As an example, the solution is used in following to analyze light 

propagation in a birefringent and dichroic slab, where the distinquished 

eigenvector of the real part of the dielectric tensor and of the imaginary part 

of the dielectric tensor have different orientation, but are parallel to the 

interface. For brevity, we call these directions the real and imaginary optic 

axes. 

An example of such a system is Fig. 1, here 

Fig. 1 Light propagation in a slab with real ( A  ) and imaginary (B  ) 

optic axes along different directions but parallel the surface of slab 
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OPTICAL EIGENMODES IN GENERAL LINEAR OmTICAL MEDIA 3 17 

kin and k, are the wave vectors of incident and transmitted waves, they are 

normal to the interface. The real optic axis A is along x , the imaginary optic 

axis B i s  parallel to the surface and makes an angle w with A. Boundary 

conditions guarantee that the wave vectors of the transmitted modes are 

along the z direction. The dielectric tensor is given by 
= =  
E = & I  + A.&A + i A d B  - 
=~~+(A~+iA~!cos~y)~~+iAasin~~y-iAacosysiny(xy+yx), 

From Eq. (10). it follows that 

5, = E(E’ +&(BE + iba) + iAa& sin2 

5, = -E( 2~ + A& + iba) 
5, = 5, = 0 

5, = E  

Solving the biquadratic equation gives 

1 2& + A& + iAcr f - A d  + 2iAaA~ cos 2y -= a21.2 2 

Letting x = m, y = fi, the eigenmodes are given by Eq. (1 l), 

D = D , x + D , y  

Dx - A& +iAacos2yT,/Ac2 - A a 2  +2iAaA&cos2y 
D ,  2iAa cosy  sin y 
-- 

These results enable calculation of the optical properties of the slab. Fig. 2 

shows the calculated optical density versus the direction of incident 

polarization + and birefringence. The optical density OD is defined as 

OD = -log,o(l,n / I , , ” , )  where li, and I,,,, denote the incident and transmitted 

intensity. The birefringence A is defined by A = ( 2 ~  /A)(= - &)d , 

where d is the thickness of the slab, and k is the wavelength. Light is 

normally incident on the layer, and is linearly polarized at an angle + from 
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318 H. YUAN et al. 

the real optic axis, as shown in Fig. 1. In the calculation, the values w = 45" , 

&=1.4', A=;2.5pm, d=3p.m and OD0=2 at $ =O0 were used. The results show 

that the maximum absorption does not always happen when the incident 

polarization is along the absorbing imaginary optic axis B , but also depends 

on the birefringence. This behavior differs from that of a simple polarizer, 

which can be explained by the rotation of the polarization inside the slab due 

to the sample birefringence. 

Fig. 2. Optical density OD versus birefringence Aand 
direction Cp of incident polarization. 

This simple example, where the dielectric tensor is complex but not 
Hermitian and where consequently the associated eigenvectors and 
eigenvalues are also complex serves to illustrate the simplicity and 
usefulness of our method. 
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